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Abstract 

We consider the problem of utility maximization with exponential preferences in a 
market where the traded stock/risky asset price is modelled as a Levy-driven pure jump 
process (i.e. the driving Levy process has no Brownian component). In this setting, we 
study the terminal utility optimization problem in the presence of a European contingent 
claim. We consider in detail the BSDE (backward stochastic differential equation) char¬ 
acterising the value function when using an exponential utility function. Eirst we analyse 
the well-definedness of the generator. This leads to some conditions on the market model 
related to conditions for the market to admit no free lunches. Then we give bounds on 
the candidate optimal strategy. 

Thereafter, we discuss the example of a cross-hedging problem and, under severe 
assumptions on the structure of the claim, we give explicit solutions. Einally, we establish 
an explicit solution for a related BSDE with a suitable terminal condition but a simpler 
generator. 

Keywords: BSDE, cross hedging, exponential utility. Levy process, stationary spread. 
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1 Introduction 

In the context of utility maximization, exponential utility has been widely used because of 
its nice analytic tractability. In particular, it shows fundamental separation properties when 
dealing with contingent claims. 
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For Ito-diffusion and continuous martingale models, baekward stoehastic differential equa¬ 
tion (BSDE for short) methods have been appli ed in order to re lax the assumption of convex¬ 
ity on the eonstraint set in the seminal pape r by Hu et alJ ( 2005 ) as well as in many following 
papers by various authors. Hu et al. ( 2005b rely on the so-called “martingale optimality prin¬ 
ciple” to derive a BSDE eharaeterizing the solution of the problem. In the presenee of jumps, 
the first paper using this methodology in the context of utility maximi zation, at least to the 
best o f our knowledge, is Beeherei ( 2006h (we refer the reader to e.g. 0ksendal and Sulei^ 
(l2007b for a general introduetion into optimal eontrol with jump proeesses). [Beehererl (l2006h 
eonsiders again an Ito-diffusion market model, but relaxes the assumptions on the filtration. 
This is assumed to be the natural filtration generated by a multidimensional Br ownian mo¬ 
tion and an independent integer-valued random measure. Morlais ( 20091 2010 ) extends the 
results to the ease of a Eevy-Ito diffusion model, i.e. she allows also jumps in the stoek priee 
proeess. In all the above mentioned papers, a fundamental assumption is that the Gaussian 
eovariance matrix is strictly positive-definite, which ensures the existenee of an equivalent 
martingale measure. In the absenee of a Gaussian component in the dynamies of the priee, 
additional conditions on the Eevy measure and the drift term n eed to be imposed for th e 
model to admit an eauivalent (local) marting ale measure (see e.g. iBardhan and Chaol (Il996h : 
Pro tier and Shimbo ( 2008 ): Kardarasl ( 20091) ). 

The purpose of this paper is to analyze the “eomplementary” ease to the one studied in 


Becheren (120061) . namely when the stock price is a Eevy-driven pure jump process and the 


filtration is generated by its associated jump measure and an independent Brownian motion. 
In this setting, we first eonstruct a BSDE by mea ns of the ma r tingale optim ality principle in 
the standard way (i.e. as e.g. in Beehereil (2006) or Morlais ( 20091. 2010l) ) and give condi¬ 
tions for the corresponding generator to be well-defined. Eet us also mention here that these 
eonditions turn out to be identieal to eonditions known to imply no free luneh with vanishing 
risk in several situations where sueh NEEVR eonditions are known. After deriving the BSDE 
via the martingale optimality prineiple, we follow a different route than the previously eited 
papers, whieh show existenee and uniqueness of solutions in appropriate spaees. Instead we 
first simply assume that we have a solution to the BSDE and study whether this allows us 
to obtain a solution to the u t ility o ptimization problem including an optimal strategy. Eater 
on we, similarly to iRiehteri (120141) . eonsider a eonerete problem were we ean directly find 
a solution to the BSDE. The reason is that we want to obtain explicit solutions and that we 
want to eonsider unbounded eonstraint sets for the strategy for which it seems to be very 


hard to prov e optimality of strategies in the presence of jumps in general (note that iMorlais 


( 2009 . 2010t) shows that in her jump diffusion market the optimization problem has a solution 
given in terms of the BSDE, but nothing is said about the existenee of an optimal strategy for 
unbounded eonstraint sets). 

A motivation for the eonsidered problem is the following applieation. We are interested in 
investigating a cross-hedging problem in the ease where the stoek priee is deseribed by a pure 
jump proeess but the investor wants to hedge a derivative on another (illiquid) asset. Imagine 
that the price of this asset is - as in some cross-hedging problems - strongly correlated with 
the priee of the traded stock, but that their logspread is not eonstant and exhibits a mean 
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reverting behaviour. This is in the present paper modeled by a market where the stoek priee 
is a Levy-driven pure jump process and the logspread follows an Omstein-Uhlenbeck process. 

The remainder of the paper is structured as follows. In Section[2]we introduce the model. 
Section [3] deals with the well-posedness of the optimization problem and, in particular, The¬ 
orem 13.11 gives conditions on the market parameters such that the problem is well-defined. 
Moreover, we give bounds on the “candidate optimal strategy” and conditions when it is 
indeed optimal. In Section |4] we illustrate an example of a cross-hedging problem where 
explicit solutions can be obtained, under the assumption that the claim is logarithmic in the 
price of the illiquid asset. Finally, in Section [5] we discuss the difficulties of extending the 
approach of Section |4] to more general claims. 


2 The market model 


We assume given a filtered probability space T > 0 a finite time 

horizon and a filtration (^f)re[o,r] satisfying the usual conditions. Assume that the above 
filtration is generated by the following two processes, independent of each other: 

• a standard (one-dimensional) Brownian motion (Wj)f£jo,r]; 

• a real-valued Poisson point process p with associated counting measure Ap (dt, dv), and 
compensator Ap(dL dx) = v(dx) dt, where the Levy measure v is positive and satisfies 

v({0})=0, and f (1 A |xp)v(dx) < oo. (2.1) 

Jr* 


Let Np denote its compensated counting measure. 


Here, we denote M\ {0} by R*. {J^t)te[Q,T] is hence the right-continuous filtration generated 
by the two processes, and completed by the P-null sets. We denote by the 

associated predictable a-algebra on [0, T] x and we define the following spaces: 


1?{W) := 

L"(iVp) := 


(Z,),g[() 7 ’] predictable s.t. E Jq |Zjpd5 < oo 
fj?e[0,r] (8) ^(R*)-measurable s.t. E 


/[0,r]xR*|f^^WPv(dx)d5 


<[ oo 


For a measure v on R\ {0} we define L^(v) as the space of all u: R —»■ R measur able equipped 


with the (local) topology of the convergence in measure (see e.g. [Baueil (l200lh . §20, Part II) 
and we further set L^(v) := {u G L°(v) such that |M(x)pv(dx) < oo}, 

L°°(v) := {u G L°(v) such that u takes bounded values v-almost surely}. 

Consider a market model consisting of a riskless asset, taken as numeraire, and a risky asset 
whose discounted price process S = (5';)f£[o yj evolves according to the following SDE: 


dSt = St- {^(ptdt + /r* \i/t{x)Np{dt, dx) 
So= 5G(0,oo), 


Vt G [0, T] 


( 2 . 2 ) 
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for (p, 1 // uniformly bounded predictable processes with y/ E L?'{Np), and t// > — 1 P—a.s. 
at every time. The latter assumption ensures that the price stays strictly positive. Obvi- 
ously for constan t determ inistic (p and y/ this is a standard exponential Levy model (see e.g. 
Cont and Tankovi (120041) 1 which is popular in finance. However, our model is much more 
general. It allows not only time-inhomogeneous Levy models but also, for instance, models 
of a stochastic volatility type, as the coefficients may be stochastic. Noting that y/ may de¬ 
pend on W one could e.g. have dynamics like dSt = Jo}_dLt with L a pure-jump Levy 


process and o^_ being a square root diffusion (truncated to ensure the assumed boundedness) 


similar to the Heston m odel. So our modelling set-up a l lows a lot of flexibility to cover many 
of the stylized facts (cf. Cont ( 2001 ). Guillaume et al. ( 1997 )) of financial data sets. Finally 
it should be noted that we consider the price processes under the real world measure, not a 
risk-neutral one. 

Assume now that we want to hedge a position at the terminal time T, i.e. we know that we 
will have to pay an #' 7 ’-measurable discounted amount B. We want to maximize the expected 
utility of the discounted terminal wealth. The discounted wealth process is composed of 
the initial capital x G M, and gains from trading with a self-financing strategy n in the market. 
The strategy n corresponds to the discounted amount of money invested in the stock, the 
number of shares is Kt/St. 

As we only consider discounted quantities, we will from now on often omit the adjective 
“discounted”. Note also that if a riskless bank account having a zero interest rate is the 
numeraire then our approach considers undiscounted quantities. 

The wealth process for an initial capital x at time t solves the equation 


= x + j\, 


dS, 


e [l T] 


and the dynamics of the wealth process can be rewritten as 


dX^'^'X = Ksyfs{x)Np{ds, dx), e [tj] 


X, 


7t,t,X _ 


= X. 


(2.3) 


To ease notation, we will sometimes omit one or more superscripts in the wealth process, the 
parameters being implicitely fixed. If not specified, the initial time is assumed to be t = 0. 
We want to solve the following problem 


y(x) = sup E[f/(X 

Ties/ 


n,0,x 

T 


•5)], xG 


where U{x) = — exp(—ctx) is the exponential utility function, a G ( 0 , 0 °) the risk aversion 
parameter, and is a fixed set of admissible trading strategies defined in Definition 12.1 1 be- 
low. Throug hout this paper w e co nsider on l y the expone ntial utility function (similarly to e.g. 
the works of Becherei ( 20061) and lMorl^ (12009 . 2010l) ). One reason is that the exponential 
function has particularly nice (separation) features for our further analysis. However, the ap¬ 
proach to solve the stochastic optimization problem by BSDEs is in principle also applicable 
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fbr_different utility functions, in particular, power utilities (see e.g. IHu et alJ (l2005h . iRiehtei 
(120141) for examples). However, a different utility funetion already results in a different gen¬ 
erator of the BSDE and a very partieular feature of the exponential utility funetion is that the 
initial wealth faetors out of the value funetion V and that therefore the optimal strategy does 
not depend on the initial wealth. Henee, all the upeoming investigations have to be done anew 
for a different utility funetion and it is not elear to whieh extent one ean e.g. find speeial eases 
allowing for explieit solutions as we will do later on. Investigating the use of different utility 
funetions in our set-up is thus a very interesting question for future researeh but beyond the 
seope of the present paper. 

Definition 2.1. Let C be a elosed set in M with 0 G C. The set of admissible strategies 
eonsists of all predietable proeesses n = taking values in C A (8)P—a.e., where 

A denotes the Lebesgue measure on R, sueh that Jq \Ks(Ps\ds E and E I?{Np) 

and sueh that the set 


{exp { —ctXf} s.t. T is a stopping time with values in [0,T]} 
is a uniformly integrable family. 


(2.4) 


Above A denotes the Lebesgue measure. Regarding the integrability properties, elemen¬ 
tary arguments ineluding Jensen’s inequality and the boundedness of cp show the following. 

Lemma 2.2. Assume that 7t is predictable and E ^ Jq \Tis'\^ds^ < 

//'I V4Il2(v) •= (/e* bounded on Q.X [0,r], then Jq \7ts(Ps\ds E L^(Q,P) 

and Ttxp E I?{Np). 

We define a dynamie version of the value funetion assoeiated to the problem as follows 
yf(x) = sup E[f/(Ay’'’''-R)], xeR,tG[0,r]. (2.5) 

and we will now deseribe the solution to this problem by a BSDE of the type: 

-dYt= f{tJt-,Zt,Ut)dt-ZtdWt-j^.Ut{x)N{dt,dx), VtG[0,r] 


Yt = B. 


( 2 . 6 ) 


A BSDE is determined by a terminal eondition (in this ease the elaim B) and a generator. The 
foll owing derivation yia the “rnarting ale optimality prineiple” follows the standard route (see 
e.g. Hu et al. ( 2005 ). Morlais ( 2009 )) an d so we only sketeh it : 


The martingale optimality prineiple (see (Rogers and Willi am. si (l2000f) , for instanee) implies 
that we should deeompose the proeess U {X^’^ — Tf) in sueh a way that it is a supermartingale 
for every admissible n and a martingale for some admissible strategy n*. 

We start by applying Ito’s formula to the funetion U eomposed with the proeess — Y and 
reealling (12.31) . We obtain 


dU{X-Y)t = U{Xt^-Yt^){ aZtdWt + 


~a{n,\i/dx) dv) 
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- a/(?, Ff_, Zf, f4) d? - a;rf (P/ d? + ^ I Zf p d? 

+ J — l + a{7tt\]/t{x) — Ut{x))^v{dx)dt 


We want to choose the generator / in such a way that the process above is a supermartingale 
for every admissible strategy. We hence look at the finite variation part which can be seen to 
be of the form —e^‘ where 


Af = 


2 ^ 


.2 0^2 


a7rs(ps-af{s,Ys-,Zs,Us) + / aga(C/,(;c) - ;r,V4W)v(cbc) 


ds 


and ga is the real convex function defined by 


ga{y) 


-ay-I 
a 


In particular, the required supermartingale property is satisfied if the argument of the inte¬ 
gral defining is non-negative. The martingale optimality principle therefore implies the 
following choice of the generator /: 


f{t,y,z,u)= f{t,z,u) 


/ ^a(MW-7rv4(x))v((k)-:;r(p, I 
n(zc [2 Jr* J 

= inf< / ga(u(x)-7ry/s(x))v(dx)-7r^si + ^jzj^- 
TzeC I Jr* j 2 


(2.7) 


Sometimes we use the notation \u\a'- = /]^tga(M(jc))v(dr). 


3 Well-posedness of the optimization problem 

At a first glance, it is immediate to ask whether the generator in Equation (12.71) is well-defined, 
since we are taking the infimum of a function with a negative linear term. Thus we give first 
conditions for the minimization problem to be well-posed. 

Theorem 3.1. Let be the set of [t, co) G [0, T] x such that v({v// < 0}) = 0 (i.e. the 
Jump sizes are non-negative). Similarly, let be the set of (t, (o) G [0, T] x such that 
> 0}) = 0 ff.e. the jump sizes are non-positive). Assume that 

• (Pt < lR*¥iix)y{<^) V(t,(0)GJ^+, 

• (p, >/R*V/f(jc)v((k) V(t,(o)GJ^-. 

Then for every u G L^(v) nL°°(v) and t G [0, T] the function A : C —?• M defined as 

^(^)=/ ga{u{x)-TtWt{x))^W-T^(Pt 

Jr* 

admits a minimum (in C). 

IfC is equal to M, the minimum is unique. 
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For the proof we need a lemma guaranteeing that differentiation under the integral sign is 
allowed. 


Lemma 3.2. The function n i—)■ — 7t\{f{x))y{dx) is holomorphic for every m, t// G 

L^(v) nL°°(v) measurable and the derivative is given by n /g* -^ga{u{x) — 

;rv/(ji;))v(dj£:). 


Proof. The res ult follows from results on differentiability under the integral sign (see e.g. 
Mattner ( 200lb l. thanks to the following properties: 


1) ga{ti{-) — ^V^(-)) is measurable for every 7t eR. 

This simply follows from the faet that both u and t// are mesaurable functions and that 
affine transformation as well as the function ga are measurable operations. 

2) n ga{ti{x) — is holomorphic for every x G M*. 

This follows from the fact that this function is the composition of the holomorphic func¬ 
tion ga with an affine function of the argument. 

3) /g* \ga{u{x) — ;rv/(A:))|v((k) is locally bounded in n. 

Indeed, the function n i-)- ga{u{x) — n\ir{x)) is non-negative, continuous and concave and 
achieves its maximum at the boundary in every compact set. Moreover this maximum is 
integrable, since w, t// G L^(v) nL°°(v) and the function ga is quadratic around 0, which 
yields that ga(M(x) — :;rv/'(x)) gL^(v). 


□ 


Proof Fix t G [0, T]. 

Lemma [T2] implies that A is a holomorphic function of Tt and moreover allows us to differ¬ 
entiate under the integral sign. Differentiating, we get 

X'{Tt)= [ \j/i{x)(l-e^^^^'^‘^^^~‘'^^^Av{dx)-%. 

JR* V / 

Lemma [T2] again guarantees that A' is differentiable. A" is continuous and it is given by 

A"(;r) = [ ^ 0. 

Jr* 

This implies that A' is increasing and that A is a convex function. Thanks to convexity, we 
have that A admits a minimum if A (n) -|-oo for n —±oo. 

If we show that A' has a zero and A' 7 ^ 0 for ||;r|| big enough, we can conclude, since then: 

• A' is bounded from below and strictly positive for values of n big enough, which im¬ 
plies that A t - 1-00 for n —)■ -l-oo 

• A' is bounded from above and negative for values of n small enough, which implies 
that A t +°° for 7t — 00 . 
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We now distinguish two cases: 

Case 1: Assume that v{{\j/t> 0}) > 0 and v{{y/t < 0}) > 0. 

Then for ;r ^ 0 

X"{n) ^ [ a(v/,W)V“(^'^'W-“W)v(cbc) 

J{¥,>0} 

^ f a(v/;(x))^e““(^^v(ck) > 0. 

J{¥t>0} 

and for ;r ^ 0 

X"{n) ^ [ a(v/,W)V“(^'^'W-“W)v(cbc) 

■>{Wr<0} 

^ [ a(v/,(x))2e““Wv((k) >0. 

J{¥t<0} 

It follows that X" is everywhere bounded from below by a positive number, and hence 
lim;j:^>+o='^^(^) = +°° and lim^r^-oc A'(;r) = — 0 °, and X' hits the origin. 

Case 2: Assume that either v{{\j/t > 0}) = 0 or v{{\j/t < 0})=0. 

By symmetry, it is enough to consider v({v/f > 0}) > 0 and v({v/f < 0})=0. 

In this case it still holds that lim;n._c>o X'{7r) — — 0 °, but as ;r —> + 0 ° its limit is not necessarily 

-|-oo. 

If f{¥t>o} = + 0 °, 


lim X'(7r) 

7t —^-f-00 


lim [ xiftix) (1 v((k) - (pt 

^^+°° J {\ir,>0} ^ ' 


'{¥> 0 } 


\{rtix)y{dx)-(pt 


+ 0 °, 


where in the first equality we used Lemma 

If /{^,>o} V^fWv(dx) < + 00 , under the assumption (pt < Wiix)y{dx), it holds that X' 

is again continuous and increasing and 


lim X'{7t)= / \irt{x)y{dx)-q)t>0. 

;r->+oo J{\ir,>0} 


Therefore by the mean value theorem we can conclude. 

The above analysis of the second derivative shows that X is strictly convex and therefore 
for C = M the minimum is unique. □ 


As a corollary of the previous result, we obtain the well-posedness of the generator in 

(lO) . 


Remark 3.3. (i) The sufficient conditions of Theorem 13.11 ensuring the well-posedness of 

our optimization problem are intrisically related to t he market satisfying the n o free 
lunch with vanishing risk (NFLVR) condition. Indeed Bardhan and Chad ( 19961) prove 
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under the assumption that N has finite aetivity (ef. Theorem 5.2 inlBardhan arid Chao 
(1996)) that our eonditions in Theorem 13.11 imply NFLVR. Cont arid Tankov ( 2004 ) 
prove for the ease of exponential Levy models (ef. Proposition 9.9 in ICont and Tankov 
(120041) ) that these eonditions are even neeessary and suffieient for NFLVR. In some 
sense this link is not surprising, as the optimization problem should not be well-posed 
in the presenee of arbitrages. 

(ii) Most exponential Levy market models, e.g. NIG, varianee Gamma or CGMY, have 
both po sitive and negative jump s whieh ensures that they satisfy the NFLVR eondi¬ 
tions of ICont and Tankov! (120041) . So in prineiple for these popular models the well- 
definedness of our generator is not a problem with the exeeption that none of these 
models has bounded jumps whieh, however, is an assumption needed at various oeea- 
sions for our BSDE approaeh. Henee, the eonditions of Theorem 13 .1 1 are satisfied when 
one eonsiders these standard model but truneates the Levy measure at a very high level 
whieh from the praetieal point of view should be a rather innoeent modifieation. 

Note that when Us, V4 and (ps satisfy the eonditions of Theorem 13.11 and are predietable, 
then a predietable K* sueh that k* e argmin^jg^- ga(u(x) — ;ry/s(x))v(dx) — ^(Psic§n_^ 
chosen due to arguments using a me asurable s electi on theorem as in Lemma 6 in iMorlaisI 
( 2009t) and the proof of Theorem 3 in ( Morlais . 2010t) . 

However, this does not imply that has the required square integrability properties to 
be admissible. To attack this question we first bound the arguments where the minimum is 
attained. 


Proposition 3.4. Assume that v(v/f >0) >0 and v(v/f <0) > 0. Let c, C G (0, oo) be such 
that > C) > 0 and v{% < —c) > 0. Then for any u G nL°°(v) and 


n* G argmin / ga{ti{tc) - 7i:\ft{x))v{dx) - 71% 


KeC 




it holds that almost surely 


-3- 


C 


-2 




v/2 


^ ^ 3^ 


av{%t> C)C2 sJav{%t>C)C 
\(Pt\ , \/2 


\/\i 


+ 2 


+ 


av(v/f < -c)c2 ,yav(yri < -c)c 


v1^ 


a- 


Proof. We only prove the lower bound as the proof of the upper one is completely analogous. 

Since 0 G C and A is strictly convex it suffices to show that for 7t small enough X{7t) 
is strictly bigger than A(0) = \u\a, as then the infimum definitely cannot be at these small 
enough Tt. 

We first observe that is non-negative. Hence, 





ga{u{x) - :;rv/f(x))v(cU) - 
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For n ^ 


^ we have that u{x) — 7t xfftix) ^0 and so 

= f v(v^r > C) (C^;r^ + ||M||i + 2||M||ooC;r) -%%. 


So the question is whether 

cc / cc \ 

-v(v/f >C)c2;r2 + (av(v/f >C)||M||ocC-(p,);r+ (^-v(v/f > C)||M||i-|M|aj 

is strictly positive. Since in % this is a quadratic function, it is elementary to see that this is 
either always the case or for all % smaller than 

-av(\ift>C)\\u\\„C+(Pt-^ {av{\j/t>C)\\u\\ooC-(p,)^-2av{if/i>C)C^(^^v{\j/t>C)\\u\\l,-\u\a) 

av(\i/,>C)C^ 

-II^IU _ l<p?l IklU _ \(Pi\ ll»ll°o _ V2 /iTTP 

^ C av(v/,>C)C2 C av(Y,>C)C2 C y'av(v/,>C)C^ 

_ 'i Ikll” o l*Pf| _ \/2 /O 

C av(\j/,>C)C^ i/av(v/,>C)C^' 


using that ^/a + b ^ i/a + \/h for a, h > 0. 


□ 


Now we want to link ImL to 


Ml2(v 


For this we need a suitable version of the second 


part of Corollary 1 in lMorlaisI (l2009h which the following general result provides. 


Lemma 3.5. Let :R^Mbe two continuous non-negative functions whose only zero 

is at the origin, with the property that 3e > 0, and two constants ci, C 2 > 0 such that 


Cig^^\h) < g^'^\h) ^ C 2 g^^\h) for \h\ < £. 


For any H{x) which is (v-a.e.) bounded it holds that 3 .ST > 0 such that 
i / g<‘'(HW)v((b) ^ / gPI(HW)v((k) 

K JR* JR* 

[ g^^\H{x))v{dx). 

JR* 

The constant K can be taken such that it only depends on the functions and g^^^ and 
the essential upper bound on H. 

Proof Let £ be as in the hypothesis. We have that 


Cl 


/{|/f(x)|<e}nR' 


g^^\H[x))v[dx) ^ [ 
•2{ 

^ C2 


{|//(x)|<£}nE* 


g(2>(HW)v(<b) 


/{|/f(x)|<e}nE* 
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On the other hand, the only zero of the two funetions is in zero, and sinee H is bounded 
3 c3 , C 4 > 0 sueh that 




^ C4 


(3.1) 


on the set {|//(x)| ^ e}. 
Summing up, we obtain that 


{ciAc 3 )( [ g^^\H{x))v{dx)+[ g(^)(//(ji;))v((k)^ ^ 

V./{|//W|<e}nE* J{\H{x)\^E}r\R* J 




(C 2 V C 4 ) 


'{|//(x)|<e}nR* 


s(')(HW)v(dr) + 


'{|H(x)|55e}nR* 




□ 

Sinee ga{x) x^ for x —0, the above lemma implies that for bounded u it holds that 
\u\a/K ^ with ^ only depending on the bound for w. 

Proposition 3.6. Assume 

• there exist c, C, 5 > 0 with v ( lift >C) > 5 and v(v/r < — c) > d, 

• I V4|l2(v) *3' bounded on Q,x 10 ,n 

• the BSDE (12.61) has a solution with U G L^{Np) being X ®P-a.e. bounded and Z G 
L^{W). 

Then there exists a predictable 7t* such that 

(i) nf e2xgmmj^^c{J^*ga{Ut{x)-7t\ift{x))v{dx)-7t(pt} X<Z>P-a.e., 

(ii) \7t*(Ps\ds G L?‘{Q.,P) and 7t*\j/ G l?{Np), 

(Hi) U[X^ — Yt) is a local martingale. 


Proof. We already know that we ean find a predietable n* satisfying (i). 

Proposition |3]4] and Lemma[33]show that under the assumptions there are finite eonstants 
K,K' > 0 sueh that 

\n:\^^K + K^\U,\l2^^y (3.2) 

AsU e L^{Np) this implies, E ^ Jq \ns\^d^ < °° and so Lemma [ZH shows (ii). 

Finally, (iii) follows immediately, beeause by the definition of the generator the finite 
variation part ofU(X^ ~Yt) vanishes. 

□ 
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Note that we are not diseussing whether the BSDE does admit a unique solution. Later 
on we will give a eonerete example where it turns out that our results ean be used to solve an 
optimal hedging problem without diseussing these issues. The last general result is now to 
strengthen our eonditions further in order to ensure admissibility and optimality. 

Theorem 3.7. Assume all conditions of Proposition IXdl are satisfied and let K* be as char¬ 
acterised there. Assume additionally |t/s|^ 2 (y) is X ®P-a.e. bounded. 

(i) Then n* is bounded and 7t* G £/. 

(ii) If furthermore dHf := aZjdWt + _ \'jN{dt, dr) defines a BMO 

martingale, then K* is an optimal strategy. 

(Hi) If additionally Z is bounded (recall that boundedness of U was already assumed in 
Proposition \3.6\) and U (Xq — Tq) has finite expectation, then the process dHt := aZt dWt 
+ WfW-dW) _ (!_)(;) is a BMO martingale and n* is an optimal Strat¬ 

egy- 


Proof. The boundedness of K* follows immediately from (13.21) . This means that we aetually 
ean view the optimization problem on our non-eompaet set C as one on a e ompaet eonstraint 
set where the a dmissibility has been shown in Lemma 1 of lMorlaisI (120091) and Lemma 2 of 
Morlais ( 2010l) . 


Lrom the ehoiee of the generator we have that U {X^-^Yf = U(Xn * — Yo)S(H) and so b y 
Kazamaki’s eriterion (see exereises after Chapter X in He et al. ( 1992 ) or Kazamakl ( 19791) ) 
U(X^ — y) is a uniformly integrable martingale. Henee, the martingale optimality prineiple 


eoneludes. 

Lor (iii) it is straightforward to see that // is a loeal martingale and it has bounded jumps. 
Moreover, for any t G [0, T] we have 


T T 

[H,H]t - [H,H]t = [ Z^ds+ [ [ (e-^i^s¥dx)-ufix)) _ 

Jt Jt JR* 

Z^ds-\-k [ [ {a(7r*\fs{x)— Us{x)))^N(ds, dx) 

Jt Jt Jr* 


with a eonstant k> 0 using an obvious varia nt of Lemmal3.51 Applying the eompensation 
formula for eonditional expeetations (see e.g. iKvprianou ( 20061) . Corollary 4.5) we get 


E([H,H]T-[H,H]t\.^t) ^E(j^Z^,ds + kJ^j^(a(ntWs{x)-Us{x))fv(dx) 


d.y 




^KT + KE 


|V^^IZ2(V 


+ |t/. 


0{v 


,ds 




with K,K,K > 0 bei ng app ropriate eonstants, beeause Z, ;r, | 

^ a),' 


and |f/^|^ 2 (y) are all 

bounded. So iHe et al.l(119921) . Theorem 10.9, eoneludes and establishes that// is BMO noting 
that we are only looking at the finite time horizon [0, T]. □ 
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Remark 3.8. In any exponential pure-jump Levy market model with both negative and posi¬ 
tive as well as bounded jumps the first two eonditions of Proposition [3]3 are always satisfied. 
So for sueh models and thus in partieular for “Jump-truneated versions” of the most popular 
models like NIG, varianee Gamma or CGMY the “only” question is whether the BSDE has 
a solution with the demanded properties. 

Regarding the need for the boundedness of the jumps we would eonjeeture that one eould 
at many instanees generalize our results by assuming only the finiteness of suitable (expo¬ 
nential) moments. However, at the moment we have no idea how to prove optimality of TZ* 
without using BMO arguments whieh absolutely need bounded jumps. 


4 Cross-hedging in a jump market model 


In the same market model as in the previous seetion, eonsider an additional illiquid asset with 
priee proeess (4)fe[o,r] assume that we want to hedge a position B = fi(/r) at the terminal 
time, for a payoff funetion h : M —)■ M to be speeified later. 

We assume that the stoek is given as in the previous seetions whereas the logspread (Sf = 
logSr — log4),£[o r] has dynamies given in terms of the one dimensional independent Brow¬ 
nian motion W and has eontinuous paths. This is the simplest ease. The motivation from 
applieations is that the big moves, the jumps, oeeur equally in the liquid and illiquid asset 
and due to small fluetuations in supply and demand of the illiquid asset the price of the illiq¬ 
uid asset fluctuates a bit around a fixed spread (which for our crude oil/jet fuel example below 
would essentially be given by the costs of the refining process). However, as we will see the 
log-spread can also have jumps again. 

This setting can be e.g. suitable for a company that wants to hedge itself against losses for 
a massive rise in the price of a needed commodity which is not liquidly traded. A classical 
example is the one of “fuel hedging”, where a company (an airline) needs to buy jet fuel on a 
regular basis. If no futures on the needed commodity are available in the market, the company 
could think of buying futures in another commodity whose price is strongly correlated with 
the price of the needed one (in the example above, the company could decide to buy futures 
on crude oil, which is needed in the production of fuel). We assume, in the simplest case, 
that the logspread of the two prices evolves according to a dif fus ion, but has a mean reve rting 
behaviour. See, for example, Ankirchner and Imkeller ( 201 lb or Ankirchner et al. ( 2012 1 and 
the references therein fo r a comprehensive introductio n to such cross-hedging problems. 

It is well-known (cf. e.g. Kallsen and Shiryaev ( 2002h ) that the stochastic exponential can al¬ 
ways be represented as a classical exponential of another process, denoted here by N := log5. 
With this notation, which is more convenient in the following, we have that 1 = exp (A — S). 
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4.1 Explicit solutions of FBSDEs with affine forward dynamics 


Take the eouple R = {N, S) as souree of uneertainty. 

The diseounted logarithmie priee proeess will have dynamies 

r dA^, = j5dt + Y(x)Np(dt, ck), Vt e [0, T] 

\ No = n 

where 7 := log(y/+ 1) and /3 := 9 —_ 1 — 7 (j(;))v(dj£:). Assume that / 3 , 7 are de- 
terministie and time-independent, and that 9 , t// (as implieitly defined by / 3 , 7 ) satisfy the 
hypotheses of Theorem 13.1[ Note that, as announeed, we have now ehanged the parametrisa- 
tion of our model looking at the dynamies of the logarithmie priees instead of the stoehastie 
logarithm of the priees, as this is more eonvenient for writing down the model. The solutions 
of the BSDEs will, however, later on be partially expressed using both parametrizations in 
order to state everything eonveniently. 

In the simplest ease we assume the logspread to be given by a (mean-reverting) Gaussian 
Ornstein-Uhlenbeek proeess with mean zero, i.e. 


J dS, = -BE^dt + EdWt, Vte[0,r] 

I So= 


where B, E are real eonstants, E > 0. 

However, our approaeh below works just as well for general Ornstein-Uhlenbeek type 
dynamies, i.e. 


/ dE,= (b-BE,)dt + EdWt + fj^*rE(x)Np(dx,df), Vte[0,r] 

I So= 


with an additional eonstant b G R and bounded yz G T^(v). These dynamies now have a 
general mean reversion level b and allow the logspread to have jumps eoming from the given 
Poisson point proeess. By appropriate ehoiees of 7 and yt one ean allow the liquid asset priee 
proeess and the logspread to have both eommon and individual jumps. 

The assumption on the dynamies of the logspread gives the proeess R an important property: 
Sinee the first eomponent is a Levy proeess, and the seeond is an Ornstein-Uhlenbeek proeess, 
the risk souree driving the forward equation of the eonsidered FBSDE turns out to be an affine 
proeess. This family of proeesses is partieularly traetable. In faet, ther e exist some re sults on 
explieit solutions to FBSDEs, where the forward proeess is affine, see lRiehterl (120141) . 

In this ease, the wealth proeess has dynamies 


dX, 


x,n 


=7lt 


f (e^W-l-7(x))v(djc)Vt + ;rf / (e^W - 1) A„((k, dt). 
Jr* J Jr* '• -v-' 

---' v/(x) 

(p 


We will eonsider a system of a forward and a baekward stoehastie differential equations 
(FBSDE) where the forward proeess is given by the valued proeess 


Rt = 




(4.4) 
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with 


dRt = 


b 


+ 


dt 



U^(d,.cb:) + 


dWt 


The generator, as in the previous section, is obtained by imposing the supermartingale 
condition on the utility of Xt — Yt, where for Yt, due to the martingale representation property 
of the filtration, we assume the dynamics 


-dy,= f{tjt.,Zt,Ut)dt-Ztdw,-j^.Ut{x)Np{dt,dx), vte [o,r] 
Yj = h[exp[Nx — Sy)). 


(4.5) 


As shown in Section |2l the generator has to be taken according to (12.71) . Ty is, of course, the 
“derivative” of the illiquid asset which we want to hedge. 

We will first assume that the infimum in (12.71) is attained at some optimal strategy n* G £/. 
Then ^ 

f{t,Zt,Ut)= [ ga{Ui{x)-7t*\j/{x))v{dx)-7t*(p + a^-^, (4.6) 

Jr* 2 

where (p = P + — 1 — 7(ji;))v(dv), t// := exp( 7 ) — 1 and {Y,U,Z) is a solution of the 

BSDE with generator / and terminal condition B = fi(/y) = F(i?y), for F(n, 5 ) := fi(exp(n — 
5 )). 

We will see that the above assumption does not l ead to cyclic arg uments. 

The idea is now to use an approach like the one in lRichten (12014h for processes in the positive 
semidefinite matrices to find an explicit solution for the studied FBSDE r naking a n affin e 
ansatz. Since we are considering here a somewhat different generator than iRichteri (120141) . 
we will give a direct proof. 


Proposition 4.1. Let E : [0, T] x 

following ODEs 


-)■ 


and (o{-,a,v) : [0, T] M. be solutions to the 


(4.7) 


-f(r,a)= B*r{t,a), Vre[0,r) 
r(r,a) = a 

- ^ (E v) = mLa),P) - + k* Sa (^mt,a),Y{x)) - n;\j/{x)^ v{dx) 

Vre[0,r) 

(o{T,a,v) = V, 

for a G and v G M some constant initial conditions. Here B* denotes the adjoint operator 
ofB. 
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Then, for every {t,a,v) E [0, T] x x M, 

j Yt =(r{t,a),(^^^ 

I Zt =(r(?,a),E) 

[ t/fW = (r(?,a),7(x)) 

solves the BSDE (14.51) with terminal condition 


+ co{t,a,v) 


(4.9) 


F[Nt, Sy) 


and generator 

f{t,z,u)= [ ga{u{-)-7t*\{r{-))dy~7t*(p + a^-, 
JR* I 

where 

F{n,s) = ” ))^^' 

Observe that (14.71) is a linear ODE and (14.81) just means an integration. 
Proof. Reeall thatRf = (Nt^Et) satisfies 


dRt = l5dt + BRtdt + 'LdWt+ [ Y{x)Np{dt,dx) (4.10) 

— JR*- 

and that the generator is given as in (14.61) . 

The ansatz Yj = (r(t,a), (Nt^Et)^) + C0{t,a,v) together with an applieation of Ito’s (baek- 
wards) Formula, yields 


Yt ={r{t,a),Rt) + C0{t,a,v) = 
= (r(r,a),Rr) + (o(r,a,v) 


s,a),l5) + {r{s,a),BRs-)) d^ 


Us{x) 


{r{s,a),Y{x))Np{ds,dx) 


T ^ 





ds 


ds 



s,a),P) + {B*ris,a),R,^) - {g^ris,a),R,^) - (r(5,a),^) 

2 


+ j Ja{Us{x)-n;\j/{x))v{dx)'^ 


Us{x)Np{ds,dx)- Z,dlT, 


[T \Zsi 

ds— a——ds 

Jt 2 
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=F{Rt)+ rfis,Z„U,)ds- r [ U,{x)Np{ds,dx)- rZ,dWs. 

Jt Jt Jm* Jt 

This shows that (14.91) gives indeed a solution to the studied FBSDE. □ 

Thanks to this result, under the assumptions of Theorem 13.11 we ean now eompute the 
optimal strategy by pointwise minimization of the generator in (14.61) . Since the pair {Z,U) 
above does not depend on n*, we can plug it into Equation (14.61) . obtaining 

f{t,Zt, Ut) = inf ga ((r(t, a) , y{x)) - 7ty/{x)'^ v(cbc) - ;r(p| + a *L 

Computing the infimum we obtain an optimal solution to the utility maximization problem. 

Xheorem 4«2« L^t r b€ as in Proposition \4.l\ Q.nd ussumc that v(y/ 0) >0and v(v/< 0) > 
0. Then any predictable n* satisfying 

;r;Gargmini / ga ({T{t,a),Y{x)) - 7t\ir{x)) v{dx) - Tttp 


is an optimal cross hedge for the terminal payoff (^a, ^ 
with parameter a. 


-\-vfor the exponential utility 


Note that the optimal strategy is bounded and can be taken deterministic. 


Proof This follows from Theorem l3.7l for which all assumptions are straightforward to check 
using the explicit form of U, Y and Z given above. □ 

Remark 4.3. (i) Although in this example we are able to achieve explicit solutions, the scope 
of application is still limited, since having an affine terminal condition in the BSDE means 
hedging a logarithmic claim on the illiquid asset. One could think of extending the “ansatz”- 
approach to more general terminal conditions, but with the generator associated to our cross¬ 
hedging problem we have not succeeded so far. However, for some simpler generators one 
can get explicit results with more suitable terminal conditions, as illustrated in the next sec¬ 
tion. 

(ii) Despite what we just said about the relevance of logarithmic (in the price of the illiq¬ 
uid asset) terminal conditions, there is a substantial literature on such “log-contracts”, as they 
are equivalent to variance swaps in a Brownian marke t model and also are related to vari¬ 
ance swaps in models with jumps (see ICarr et al.l (l2012h : ICarr and Eed (12013h . for instance). 
Therefore, an interesting question for future research may be whether our results can be used 
to hedge positions in the variance/realized volatility of the illiquid asset. 

(iii) A close inspection of the previous arguments shows that the results can be extended to 
/3, Z?,B, E, 7 , yt being not constant, but appropriate predictable processes. However, we refrain 
from carrying out this in detail, as it gives a long list of technical (boundedness) conditions. 
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5 An exponential ansatz 

One could think of generalizing the approach of Section |4]by using a different ansatz for the 
solution of the BSDE, but this seems to require a restriction on the generator and the termi¬ 
nal condition incompatible with our utility optimization problem. In the following, we will 
give another example where explicit solutions can be achieved for a quite general generator, 
which, however, does not allow an infimum in it as needed for the utility optimization prob¬ 
lem. Despite of this, it seems to us an interesting example of a Levy-driven BSDE which can 
be solved explicitly. 


Proposition 5.1. Consider an FBSDE of the following form: 

f dRt= Pdt + mdt + EdWt + Jj^.Y(^)Nj,(dt,d^), 

I ^0 = n 

f -dy,= f(t,Yr,ZnCt)dt-ZrdWf-fj^.[/r(x)Np(dt,ck) 

[ Yr= F(Rr). 

Assume now that: 

• the terminal condition is exponential of the form F{r) = exp((a, r))w-|-v for a G 

v,w G M constants; 

• the generator f is of the form 


f{s,y,z,u) = Cy{s)y + Cz{s)z + 


Cu{s)u{x)v{dx) +c(j') 


(5.1) 


with Cy,c,Cz,Cu : [0, T] —)■ M, continuous functions of time. 

Let r(-,a) : [0, T] : [0, T] —)■ M and ^(■,a,w,v) : [0, T] be the unique 

solutions to the following differential equations: 







r(r,a) = 

a 




-^{s,a,w) 

= (o(t,a,w) 

itr(^^r(^, 

a)r(s 

<3)^ +(r(5,a),^) 


+ /r* - 1 - 

(r(s, 

«).r(^))) v(ck) 


-bCy(5)-FC2(5)(r(5,a),E) +Cu 


(o(r,a, w) 

= w 





)= Cy(s)^(s, 

a,w,v) +c(s) 



<^(r,a,w,v 

)= V. 





1 j v((k) 
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where 5* is the adjoint operator ofB. 

Then the triplet of adapted/predictable processes 

{ Yt = exp((r(?,a),7?;))ft)(?,a,w) +<^(?,a,w,v), 

4 =exp((r(/‘,a),7?r_))(0(?,a,w)(r(?,a),^ (52) 

Ut{x) =&xp{{T{t,a),Rt-))G){t,a,w) _ 1 j ^ 

solves the FBSDE. 


We do not want to discuss 7, Z, U in any detail, but note that, since R has exponential 
moments of all orders and the ODEs are at most linear, it is obvious that they satisfy square 
integrability conditions ensuring all relevant stochastic integrals to be well-defined. 

Proof. Apply Ito’s Formula to the regular function h{t,x) := exp((r(t,a),jc))tt)(t,a,w)-|- 
(t, a, w, v). The ansatz Yt = h{t,Rt) = exp ((r(t, a),Rt))G}{t,a,w)-\-^{t,a,w,v) together with 
the assumptions on the time evolution of the coefficients E, (O and ^ yields 


Yt =exp((r(r,a),7?7’)) (o{T,a,w) + ^{T,a,w,v) 
'■T 

exp((r(5,a),7?^_)) 


+ 


■It 

dco{s,a,w) 

ds 


0}{s,a,w) ( + ^tr(^^r(5,a)r(5,a)^) 


-h 


d^{s,a,w,v) 

ds 


ds 


■It 


exp((r(5,a),7?i_)) (i)(5,a, w)(r(5,a),j8d5-f57?j_dv-l-EdV^) 


^exp yr(5,a), 7(x)) j — 1 j Ap(d5, dx) 

.y co{s,a,w) J ^xp yr(5,a),7(x))j — 1 — (r(5,a),7(x))j v((bc)d5 


=E(A^7’, St-) 

- f J (jo{s,a,w) 


■It 


\ + i tr a)r( J, a)^) 


+{r{s,a),l5) - {r{s,a),BR,_) + [ _ i _ ( 7 ( 5 ^^)^y(;f))^ v((k) 

— Jw* V - / 


dco{s,a,w) 

ds 


dv- 


f- 

I, ds 


^{s,a,w,v) dv 


- [ exp{{r{s,a),Rs-)) Co{s,a,w){r{s,a),L) dWs 
■It '-v-' 


:=z, 


exp( 

ft 


((r(5,a),7?,_))(0(5,a,w) _ 1 W^(ci5, dr) = 


■■=Us{x) 
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=F[Nxf Sy 

/■T 


e(r(^’")’^-)(0(5,a,w) -Cy(5)-Q(5)(r(5,a),E) -c^is) I ^ 


■Cy{s)^{s,a,w,v) —c{s) [d5 


Us{x)Np{ds,dx)- 


=F(A^y, Ey 
-r 


|-c^(^) g, w) + ^ (^,g, w, v)) -q(^) co{s,a, w)(r(^, a),L\ 


“N/“ 

Ys- 


■V" 


■Cm(5) J — ij v((k) — c(j')|d5 


/ / Usix)Np{ds,dx)- f 

Jt Jr* Jt 


Us{x) 
T 


Z.dW.= 


=F{Nt,Zt)+ f{sJs-.Zs,Us)ds- / Us{x)Np{ds,dx)- Z,dW^,. 


This proves that the triplet given in (15.21) solves the studied FBSDE with terminal condition 
F{r) = exp( (a, r))w + v and generator as in (15.11) . □ 


Remark 5.2. Observing the structure of the controls, one can see that this approach results 
in determining some ODE just in the case when the generator is linear affine in T, Z and U. 
This is due to the fact that no random factors can appear in the time evolution of the functions 
parametrizing the ansatz. 
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